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Abstract 
Fatigue cracks in cyclically loaded components usually initiate in areas of high stress concentration. Such stress concentrations 
do not only occur due to the geometrical design of a component, but also near material inhomogeneities or Foreign Object 
Damage (FOD). In the context of a fitness-for-purpose (FFP) assessment, it is important to estimate the fatigue crack growth rate 
as accurately as possible, e.g., for estimating inspection intervals for public transportation. However, the crack growth rate 
depends not only on the applied load and crack length, but also on residual stress fields introduced intentionally (surface 
treatment) or unintentionally (FOD or inappropriate handling). 
In this work, an analytical model for describing the fatigue crack growth rate of short cracks (provided the conditions of LEFM 
are fulfilled) as well as of long cracks is developed. Also the influence of residual stresses on the crack growth behavior is 
investigated. This permits to assess the combined influence of load stresses and residual stresses together with the build-up of 
crack closure, and leads to a simple but effective modification of the NASGRO equation for fatigue crack growth. The approach 
is validated experimentally, and its application to the fitness-for-purpose assessment of surface-treated components is discussed. 
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1. Introduction 
A very common approach to describe the crack growth behavior of long cracks is the NASGRO equation, which 
is based on the crack growth equation according to Forman and Mettu (1992) considering plasticity-induced crack 
closure using the crack opening function f introduced by Newman (1984). The NASGRO equation is a powerful tool 
for estimating the growth rate of cracks which have already built up crack closure completely; however, it is not able 
to describe the behavior of short cracks (Maierhofer et al. (2014)). Section 2 summarizes briefly how the build-up of 
crack closure can be modeled and implemented into the NASGRO equation so that the crack growth rate of short 
and long cracks can be estimated equally well. To investigate the crack arrest and crack growth behavior in the 
presence of residual stresses, experiments were performed on rolled flat bars. Section 3 describes how a residual 
stress field was introduced in the flat bars, how the corresponding crack growth threshold was determined, and gives 
a simple estimate for the threshold of a crack in the presence of residual stresses along with its experimental 
validation. Finally, section 4 shows how to compute the propagation of cracks of arbitrary length in arbitrary residual 
stress fields. 
 
Nomenclature 
'a  crack extension 
a0  notch depth 
a  total crack length 
C  crack growth constant 
da/dN  fatigue crack growth rate 
f  crack opening function 
F  crack velocity factor 
'K  stress intensity factor range 
'K0  stress intensity factor range for long crack growth at R = 0 
'Kth  threshold of stress intensity factor range for crack propagation 
'Kth,eff  intrinsic (effective) threshold stress intensity factor range 
'Kth,lc  long crack growth threshold stress intensity factor range 
KC  fracture toughness 
Kmax  maximum stress intensity factor 
li  fictitious length scales 
m  Paris exponent 
p, q empirical constants describing the curvatures that occur near the threshold and near the instability 
region of the crack growth curve, respectively 
R  load ratio 
Vmax, Vmin maximum, minimum stress 
Va, Vr  applied stress, residual stress (Vr is equal to the mean stress for a load ratio of R = -1) 
 
2. Modified NASGRO equation 
Short cracks are able to grow below the threshold for long cracks, and they grow faster than long cracks at the 
same stress intensity factor range. The common NASGRO equation  
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and its simplified form with p = m, q = 1 and Kmax = 'K / (1 – R) 
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are able to describe the three branches of the crack growth curve (see Fig. 1b) in dependence of the load ratio 
R = Vmin / Vmax. To consider the behavior of short cracks, the crack velocity factor F (for short crack behavior in 
branch II, i.e., the Paris region) and the threshold for crack propagation 'Kth (for short crack behavior below the 
threshold for long crack growth 'Kth,lc) have to be modified. Fig. 1a shows a simple mechanical model on which the 
following considerations are based. The total crack length a consists of the notch depth a0 and the crack extension 
'a. To calculate the stress intensity factor range 'K the total crack length a = a0 + 'a is used, whereas for the build-
up of crack closure – and hence for modeling of the transition from short to long crack behavior – only the crack 
extension 'a is responsible. An illustration of the build-up of crack closure for different crack closure mechanisms 
with fictitious length scales li is shown in Fig. 1c. 
 
 
Fig. 1. (a) illustration of mechanical model; (b) typical fatigue crack growth curve; (c) illustration of the build-up of crack closure. 
To consider now the build-up of crack closure in the modified model, the material specific length scales li have to 
be determined. To this purpose, fatigue experiments to determine the crack resistance curve (R-curve,where 'Kth is 
plotted against 'a) following the approach of Tabernig et al. (2000), were performed. The length scales li were then 
fitted using the experimentally determined data. For the description of the build-up of crack resistance starting from 
'Kth,eff at a crack extension of 'a = 0 to the long crack threshold 'Kth,lc at large 'a ('a >> max(li)), the empirical 
approaches 
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for short crack behavior below the threshold for long crack growth and 
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for short crack behavior in the Paris and near-threshold regime are proposed. More detailed information about the 
modified NASGRO equation for short cracks can be found in Maierhofer et al. (2014). 
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3. Influence of residual stresses 
To investigate the crack growth in the presence of residual stresses, a specimen with a special geometry was 
developed (see Fig. 2b). Extended areas of tensile as well as of compressive residual stresses were introduced by 
means of rolling (see Fig. 2a). The rolling process deforms the specimen plastically below the areas of contact, in 
that case near the edges of the specimen. In that way, a residual stress field is generated that varies from high 
compressive residual stresses at the edges to lower tensile residual stresses in the middle of the specimen (see Fig. 
3). Subsequently, the specimen was tested under stepwise increasing constant load (Tabernig et al. 2000). The crack 
growth rate was monitored and compared to the crack growth rate of a residual stress free specimen (both with an 
initial notch depth of 2 mm). As expected, the threshold for long crack growth of the specimen with residual stresses 
was several times higher than that of the residual stress free specimen (compare Fig. 4, curves 1 and 5). This 
happens due to the high compressive residual stresses near the edges of the specimen. These compressive stresses 
cause the crack to be closed for a much higher portion of a load cycle compared to a residual stress free specimen at 
the same load ratio R. In Fig. 4 the crack growth rates for a residual stress free specimen (curve 1) and for a 
specimen with residual stresses are plotted (curves 2-5). For the curves 2, 3 and 4, the crack initially grows slightly, 
but after a certain crack extension crack arrest occurs due to the combined influence of compressive residual stresses 
and build-up of crack closure. Finally, the applied load is high enough to overcome the threshold so that the crack 
grows continuously, i.e., the threshold for long crack growth is reached (curve 5). 
 
 
Fig. 2. (a) rolling mill; (b) specimen geometry for fatigue crack growth experiments with residual stress zones (dimensions in mm). 
 
Fig. 3. Illustration of the residual stress areas across the specimen width. 
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Fig. 4. Comparison between the crack growth rate in a residual stress free specimen and in a specimen with residual stresses, both with an notch 
depth of 2 mm, tested at a load ratio R = -1; start parameters of the curves: curve (1): 'K = 11 MPa m0.5, a = 3.50 mm; curve (2): 
'K = 20 MPa m0.5, a = 2.19 mm; curve (3): 'K = 30 MPa m0.5, a = 2.28 mm; curve (4): 'K = 40 MPa m0.5, a = 2.39 mm; curve (5): 
'K = 50 MPa m0.5, a = 2.65 mm. 
To estimate the long crack threshold of the specimen with residual stresses, the combined influence of applied 
stress amplitude Va and residual stress Vr has to be considered. A simple approximation for the dependence of the  
long crack threshold on the load ratio R was given by Gänser et al. (2007) as 
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see Fig. 5b. The residual stress σr(x) was determined experimentally using the cut-compliance method (Cheng and 
Finnie (1994)). A comparison of the measured residual stress field with the results from a simplified finite-element 
simulation of the rolling process is shown in Fig. 5a.  
 
 
Fig. 5. (a) due to rolling introduced residual stresses in axial direction; (b) dependence of crack growth threshold on the stress ratio. 
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For the approximation of the long crack threshold the area of interest is in a depth of x = 2 mm depth (notch 
depth). Here the measured compressive residual stresses are about 175 MPa. The applied load σa after the final load 
increase is also known with 257 MPa. Inserting these data into Eq. (4) leads to a threshold of 50.2 MPa√m, which is 
in good agreement with the experiment (curve 5 in Fig.4). 
4. Extension to general residual stress field 
After having computed the influence of residual stresses on the crack arrest behavior under a constant residual 
stress which is equivalent to a mean stress (section 4, Eq. (4)), we seek now to extend our reasoning to the arrest and 
growth behavior of cracks of arbitrary length in arbitrary stress fields. To this purpose, we refer again to the 
influence of the residual stresses σr on the load ratio R as in the previous section; however, in the general case the 
local variation of σr has to be taken into account. The minimum and maximum local stresses during one load cycle 
are calculated at each position x by superposition of cyclic load stresses and residual stresses, 
 )()()(     ,)()()( ramax,maxramin,min xxxxxx VVVVVV   . (5) 
Knowing the minimum and maximum local stresses, the minimum and maximum crack tip loading during one load 
cycle can be estimated using an influence function according to Tada (2000): 
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Finally, the stress intensity factor range and the load ratio at the crack tip for a crack of length a are obtained as  
'K(a) = Kmax(a) – Kmin(a) and R(a) = Kmin(a) / Kmax(a), respectively are obtained. If 'K(a) is below the threshold 
'Kth for the given crack length a and load ratio R(a), crack arrest occurs. If the threshold is exceeded, the crack 
growth rate for any given crack length a in any given residual stress field Vr(a) can be calculated via Eqns (1) – (3). 
Acknowledgements 
Financial support by the Austrian Federal Government (in particular from Bundesministerium für Verkehr, 
Innovation und Technologie and Bundesministerium für Wirtschaft, Familie und Jugend) represented by 
Österreichische Forschungsförderungsgesellschaft mbH and the Styrian and the Tyrolean Provincial Government, 
represented by Steirische Wirtschaftsförderungsgesellschaft mbH and Standortagentur Tirol, within the framework 
of the COMET Funding Programme is gratefully acknowledged. 
References 
Cheng, W., Finnie, I., 1994. An overview of the crack compliance method for residual stress measurement, 4th Int Conf. On Residual Stress, 
Baltimore, p. 449-458. 
Forman, R.G., Mettu, S.R., 1992. Behavior of surface and corner cracks subjected to tensile and bending loads in Ti-6Al-4V alloy. In: Fracture 
Mechanics: 22nd Symposium, Vol. 1 (Eds H.A. Ernst, A. Saxena, D.L. McDowell), ASTM STP 1131, American Society for Testing and 
Materials, Philadelphia, p. 519-546. 
Gänser, H.-P., Leitgeb, A., Glinsner, K., Eichlseder, W., 2007. Computation of a modified Haigh-Goodman diagram for damage tolerant design 
for infinite fatigue life, Proc. IMechE Vol 221 Part C: J. Mechanical Engineering Science, p. 619-623. 
Newman, J.C., 1984. A crack opening stress equation for fatigue crack growth, Int J Fract, 24:R131-5. 
Maierhofer, J., Pippan, R., Gänser, H.-P., 2014. Modified NASGRO equation for physically short cracks, Int J Fatigue, Vol. 59, p. 200-207. 
Tabernig, B., Powell, P., Pippan, R., 2000. Resistance curves for the threshold of fatigue crack propagation in particle reinforced aluminium 
alloys, Fatigue crack growth thresholds, endurance limits, and designs, ASTM STP 1372, J.C. Newman, Jr. and R.S. Piascik, Eds., American 
Society for Testing and Materials, West Conshohocken, PA. 
Tada, H., Paris, P.C., Irwin, G.R., 2000. The stress analysis of cracks handbook, third edition, American Society of Mechanical Engineers, New 
York. 
